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ABSTRACT

Purpose To analyze the magnetofection process in which
magnetic carrier particles with surface-bound gene vectors are
attracted to target cells for transfection using an external mag-
netic field and to obtain a fundamental understanding of the
impact of key factors such as particle size and field strength on
the gene delivery process.

Methods A numerical model is used to study the field-directed
transport of the carrier particle-gene vector complex to target
cells in a conventional multiwell culture plate system. The
model predicts the transport dynamics and the distribution of
particle accumulation at the target cells.

Results The impact of several factors that strongly influence
gene vector delivery is assessed including the properties of the
carrier particles, the strength of the field source, and its extent
and proximity relative to the target cells.

Conclusions The study demonstrates that modeling can be
used to predict and optimize gene vector delivery in the mag-
netofection process for novel and conventional in vitro systems.

KEY WORDS magnetic biotransport - magnetic gene
delivery - magnetic targeting - magnetofection - magnetophoresis
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INTRODUCTION

Magnetic particles are finding increasing use in emerging
applications in fields that include microbiology, nanomedi-
cine and biotechnology where they are routinely used to sort
and separate biomaterials. A key motivation for using mag-
netic particles is that they can be functionalized to selectively
bind to (magnetically label) target biomaterials, thereby
enabling noninvasive control of such materials using a mag-
netic field (1-5). Magnetic particles can be synthesized in
sizes that range from a few nanometers to microns with a
narrow size distribution, which makes them ideal for
manipulating biomaterials such as proteins (5—50 nm),
viruses (20—450 nm), genes (2 nm wide and 10—100 nm
long), or whole cells (10100 pm) (2—4). Furthermore, the
most commonly used particles, typically made from magne-
tite Fe3Oy, are nontoxic and well-tolerated by living organ-
isms when properly synthesized and functionalized.
Specifically, magnetic particles can be custom-tailored with
appropriate surface treatments that enhance biocompatibil-
ity and enable coating with affinity biomolecules for highly
specific binding with a target biomaterial. Magnetic
particles that are sufficiently small (nanoscale) exhibit a
unique superparamagnetic behavior. 1.e. they are easily
magnetized by an applied magnetic field, but return to an
unmagnetized state instantaneously when the field is
removed (5). Superparamagnetic particles experience a
magnetic force when their induced dipole moment couples
to a local field gradient, but this force vanishes when the
field is turned off. Moreover, magnetically labeled biomaterial
in a carrier fluid can be efficiently and selectively controlled
using an external field because such fluids typically have a low
intrinsic magnetic susceptibility, which makes them in effect
transparent to the magnetic field.
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The field-induced transport of magnetically labeled bio-
material enables accelerated delivery to a target tissue,
which greatly reduces process time as compared to
diffusion-limited transport. Magnetic particle transport is
leveraged in the process of magnetofection where magnetic
carrier particles with surface-bound gene vectors are
attracted towards target cells for transfection (6-16). In
a conventional n vitro magnetofection system a multiwell
culture plate is used, wherein the target cells are at the
bottom of each well, and an array of rare-ecarth mag-
nets, aligned beneath the wells provides the magnetic
force that attracts the particle-gene vector complex to-
wards the cells as shown in Fig. 1b. Magnetofection has
distinct advantages over other transfection methods (16).
Specifically, high transfection rates can be achieved with
significantly lower vector doses and the process time is
dramatically reduced, from hours to minutes. However,
despite these advantages, few authors have modeled
field-directed particle transport and accumulation for
this process (17-19).

In this paper numerical models are presented for analyz-
ing the magnetofection process in multiwell systems. These
models include a particle transport model and closed-form
equations for predicting the magnetic field and force. The
transport model involves the numerical solution of a drift-
diffusion equation that governs the spatio-temporal behav-
ior of the particle concentration. It is used to study transport
dynamics and particle accumulation within a well. The
transport equation takes into account fluidic, magnetic and
gravitational forces on the particles as well as Brownian
dynamics. It is solved numerically using the finite volume
method (FVM) with boundary conditions that mimic the
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magnetofection process. The magnetic force used in the
transport equation. is obtained in closed-form, which sim-
plifies the analysis and greatly enhances computational
speed and accuracy as compared to purely numerical field
analysis. A separate analysis of the magnetic field and force
reveals interesting features of their spatial distributions that
depend on the orientation of magnetization in the source
magnets (Fig. 1a). An analysis of the force distribution within
a well indicates that it not only attracts particles downwards
towards the base, but it also focuses particles towards the
center of the well during transport. The magnetic force
controls the rate and distribution of particle accumulation,
and can be optimized by choosing appropriate particle
properties, chamber dimensions and spacing between the
magnet and the well.

MATERIALS AND METHODS

The models developed in this paper are demonstrated via
application to a conventional 96 well plate magnetofection
system. In this system the well plate is positioned above
a magnet plate that contains an array of cylindrical
magnets, aligned with the wells as shown in Fig. 1b.
The well chambers are flat bottomed with somewhat
tapered walls and have a mean inner radius and height
of R,=3.3 mm and height £,=10.9 mm, respectively.
The wall thickness is approximately 1 mm and the wells
are spaced 9 mm apart, center-to-center (Greiner Bio-One
Microplates, www.greinerbioone.com). The magnets are
made from Neodymium Iron Boron (NdFeB). They have a
radius R,,=3 mm, a length ,=5 mm, and are magnetized to
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Fig. I Multiwell plate magnetofection system: (@) array of cell cultures positioned above an array of cylindrical magnets (adapted from (6)), (b) the magnetic
force pulls magnetic nanoparticles with surface bound gene vectors towards the cells.
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saturation, M, = 9.55 x 10°A/m(B, = 1.2T) (magnet
NE65 from IBS Magnet, www.ibsmagnet.com). The top of
the magnets are nominally approximately 1-2 mm beneath
the inside bottom of their respective well chambers.

Particle Transport Equation

The motion of colloidal magnetic particles in a magnetic
field is governed by various factors including magnetic and
fluidic forces, buoyancy, Brownian dynamics, interparticle
effects (notably magnetic dipole-dipole interactions) and
momentum transfer from the particles to the fluid (17-31).
In the following analysis the particle concentration is assumed
to be sufficiently dilute so that interparticle effects and particle-
to-fluid momentum transfer can be neglected. Particle trans-
port is modeled using a drift-diffusion equation that governs
the particle volume concentration ¢f) (17-19,21-28),

where J = J;, +J is the total flux of particles, which includes
a contribution J, = — DVc¢ due to diffusion, and a contribution
due to the drift of the particles J= Uc, which is due to the
action of forces. Here, D = ukT, k is Boltzmann's constant,
T is temperature in Kelvin, # is the fluid viscosity. The
particle mobility is given by u=1/(6anR, ;) where R, )4
is the effective hydrodynamic radius of the particle,
which takes into account particle-bound biomaterial. U
is the particle drift velocity given by U = vy + M(Fm + Fg)
where v is the fluid velocity and F,, and F, are the external
magnetic and gravitational forces on the particles. Note that
in the absence of external forces, U = vy, which implies that the
particles move with the same velocity as the fluid. However, in
the magnetofection process, the fluid is stationary vy = 0, and
therefore U = ,u(Fm + Fg) It should also be noted that the
gravitational force is usually negligible compared to the
magnetic force for submicron particles.

Magnetic Force

The magnetic force on a particle is computed using the
“effective” dipole moment method in which the particle is
modeled as an “equivalent” point dipole with an effective
moment my, . (17-19,28). The force on the dipole (and
hence on the particle) is given is given by

F, = Hr (mp,eff i V)Ha (2)

where py is the permeability of the fluid, and H, is the
applied magnetic field intensity at the center of the particle,

@ Springer

were the equivalent point dipole is located. The moment
m,, . can be determined using a magnetization model that
takes into account self-demagnetization and magnetic satu-
ration of the particles (17-20,28-32), 1.c.

mp,eff = fo(Ha)Ha (3)
where
(3(?31*25/23 H, < (%32)([/)”) M,
fH) = ' (4)
‘ (t=2,)+3
M-p/ H, H, > 3, M,

Here, V, = %HRZ is the volume of the particle, y, and
Xr are the magnetic susceptibilities of the particle and
fluid, respectively, and M,, is the saturation magnetiza-
tion of the particle. Thus, the magnetic force can be
rewritten as

F, = Ky V},f(Ha)(Hd e V)Ha' (5)

This can be determined once an expression for H, is
known. Analytical and closed-form field expressions for both
a single cylindrical magnet with uniform axial magnetization
and an array of such magnets are given in the Appendix.

Solution Method

The drift-diffusion equation (Eq. 1) is solved numerically
using the FVM. For this method, the computational domain,
in this case a well chamber, is discretized into a set of compu-
tational nodes and cells, wherein each cell is centered about a
node. One-dimensional (1D) and two-dimensional (2D) trans-
port models are used for the analysis. The 1D model, which
neglects the radial dependence of the field, is computationally
efficient and ideal for performing rapid parametric studies of
particle accumulation as a function of variables such as the
particle size and magnet-to-well-spacing. Moreover, despite
its limitations, the 1D model provides insight into the trans-
port dynamics. The 2D model, which accounts for both radial
and axial dependencies, provides a detailed description of the
spatio-temporal distribution of particle concentration
throughout a well as well as the accumulation of particles on
its base.

In the 1D model the FVM discretization of Eq. | at an
interior node is

ot .
= +5f5 (Frjo — Foapo) (i=1,2,...,\.) (6)

where 0z = L./, is the length of a computational cell and
L, is the length of the well as shown in Fig. 1b. Here, ¢! and
¢! are the values of the concentration at the i’th computa-

tional node at time steps n and n+ 1, respectively (17). Fi+) o1sa
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discretized representation of the particle flux D‘a% — Ut at the

edges of the computational cell z;+1,9, and 1s computed using an
upwind numerical scheme,

o=
F e = D i+1 i
i+1/2 52

- (min(Ui,O)c;’+max(Uz-,1,0)cf_1). (7)

Note that the corresponding particle flux (i.e. the number
of particles passing through a unit area at z,,,,9 per second)
is I, ;4179 = Fiy19/ V). As for the boundary conditions, let
Z.+and z,, represent the coordinates of the top and bottom
of the well, respectively, and let s denote the spacing
between the top of the magnet and the bottom of the well
as shown in Fig. 1b. The closed-form field solutions pre-
sented in the Appendix, i.e. Equations Al and A7, apply
when the magnet is positioned with its top surface is at z= 0,
and therefore z,, = L, + s and z,; = 5 as shown in Fig. 1b.
Equation 6 is solved subject to an initial condition, which
specifies a uniform concentration of particles throughout the
well, i.e. ¢(z, 0) =
imposed at the top of the well and a Dirichlet condition

¢o- A Neumann boundary condition is

(z.6» ) = 0 is imposed at the bottom. The former reflects
the fact that no particles cross the top of the well, i.c. there is
zero flux at this boundary. The latter boundary condition
mimics the magnetofection process wherein particles that
reach the base of the well are assumed to bind with receptor
sites on the target cells, and therefore are removed from the
computational domain so that they no longer effect the
transport dynamics. It is assumed that there are a sufficient
number of receptors to accommodate all of the particles in the
well. The particle accumulation on the cells is computed as a
cumulative sum of the number of particles that reach the base
of the well during each time step.

For the 2D model the system is assumed to be axisym-
metric. While this is true for a single isolated magnet, it
amounts to a simplifying approximation for a magnet in the
array because the field and force contributions from neigh-
boring magnets vary with the angular position relative to the
magnet. Nevertheless, the approximation is reasonable
because the angular variation due to neighboring magnets is
small. Thus, the 2D field distribution can be used for analysis
as shown below.

The drift-diffusion equation for the 2D analysis is

g 10 o B

x (Dg—i - U%), (8)

where U" and U~ are drift velocities in r and z directions,
respectively (17). The computational domain is 0 < 7 < R,
and z.; < 2 < 2., where R, is the radius of chamber, and ¢,

and z,, are as above. The FVM discretization of Eq. 8 at an
interior node (1,j) is as follows

nt+l _ n
Gr = cZ-J-+5t

1 riprjobiijoy — ricijobiciyey - Gijriye — Gijoi)e
x (= +
7 or 0z

(9)

where Fit1/9; and G;j+1/9 denote the particle flux through
the edges of the computational cell perpendicular to the r
and z axis, respectively. Equation 8 is solved with Neumann
(zero-flux) boundary conditions imposed at the top (z = z.,)
and outer edge (r = R,) of the well, and a Dirichlet condition
e(r, Zsp> £) = 0 imposed at its base to mimic the accumulation
of particles on the cells, as described in the 1D case.

RESULTS

The transport models are used to analyze magnetofection in
a conventional 96 well plate system. Throughout this analysis
the particles are assumed to be magnetite (Fe;O,), which
has a density p, = 5,000 kg/ m” and saturation magnetization
My, = 4.78 x 10°A/m. To simplify the analysis, the particles
are assumed to have a hydrodynamic radius equal to their
physical radius, R, ;,,= R,. A magnetization model is adopted
that is consistent with Eq. 4 when y,>>1, i.e. (28),

3 H, < M,/3

s ={ gm0 1o

This model applies to superparamagnetic nanoparticles,
but is used here as simplifying approximation for somewhat
larger submicron particles. The fluid is assumed to have the
same properties as water, i.c. nonmagnetic y, = 0, with a
viscosity 7= 0.001 N-s/m?, and a density pr=1,000 kg/m’:
Before studying particle transport, it is useful to first model
the magnetic field and force in the system as these provide
an intuitive understanding of the transport dynamics. The
formulas in the Appendix are used for this analysis.

Single Magnet Analysis

It is instructive to analyze the field and force due to a single
1solated magnet before studying a multiwell system. As not-
ed above, each NdFeB magnet has a radius R,=3 mm,
length L,, = 5 mm and a magnetization M, = 9.55 x
10°A/m. Throughout this section, a reference frame is
chosen such that the top surface of the magnet 1s located
at z = 0 as shown in Fig. 1b. The magnetic field and force are
computed using Egs. Al and A2. As a first step, the axial field

. . dB
B, and its gradient >

magnetic upward along the z-axis (0<z<7 mm) as shown

are computed from the top of the

@ Springer
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in Fig. 2. Note that near the base of the well (z=1.5 mm),
B. = 260 mT and dd—% ~ 125 T/m. However, these decay

rapidly with distance from the magnet as shown. Since the
magnetic force is proportional to the product of these varia-
bles it also decays with distance, which implies that more
efficient accumulation will be realized if the particles are
initially introduced into a lower portion of a well, instead of
being uniformly dispersed throughout the entire well.

Next, radial and axial force components on a FesO,
particle with R,=100 nm are computed using Eqs. A4 and
Ab at various distances above the magnet along a line that
spans the diameter of the magnet as shown in Fig. 3. It
should be noted that the force profiles are axisymmetric and
plotted as a function of normalized distance x/R,,, from the
center of the magnet. Note also that the force is on the order
of femto-Newtons, however it can be substantially increased
by choosing larger particles as it scales with R;. In a previous
study, similar force plots were erroneously labeled using
pico-Newtons instead of femto-Newtons (see Fig. 2 in refer-
ence (17)). The axial force F,,, is negative and acts to attract
particles downward towards the surface of the magnet as

indicated by the vertical arrow in Fig. 3a. Note that at
greater distances from the magnet, F,. is strongest along
the z-axis. However, closer to the magnet, F,,. obtains its
maximum value at a radial distance away from the axis.
This implies that the particles will tend to accumulate in an
annular region at the bottom of the well. The radial force
I, obtains a maxium negative value above the radial edge
of the magnet. This force directs particles radially inward
towards the z-axis, away from the edge as indicated by the
horizontal arrows shown in Fig. 3b. This will act to produce
a higher particle accumulation towards the center of the well
with minimal accumulation near the edge of the magnet. The
distribution of accumulated particles is examined in the trans-
port analysis below.

Magnet Array Analysis

The field and force profiles above an array of magnets can
be computed using the principle of superposition as de-
scribed in the Appendix. It is instructive to consider the field
in a culture well located in the interior of the array. Since

Fig. 2 Axial field and gradient 600
above a cylindrical rare-earth
magnet: (@) magnet and refer-

ence frame (b) B,, and (c) %~

m‘\

400
= N
z -g 00 \\
o \\
n <
\
L \.L"“"\-"
h"“--""'"—"'—-—-—.___
=0 s 1 15 2 25 ] 15 4 45 H 55 (] 65 7
\N_/ z (mm)
b
200
S/ N
150 2
a E 12 \‘
!—
N 100 \‘
S, N
i1 N
T, NG
-r .‘\\""‘-.
o5 ""'--....____‘__-—____-
#. 0.5 1 15 2 F13 3 5 4 45 5 55 6 65 [
z (mm)
[

@ Springer



Modeling Magnetic Particle Transport in Magnetofection

1371

'|=—z=1.00mm|’
—z =1.25mm

S0 |=——z=1.50mm|
——z=1,75mm
-100 | |=—z=2.00mm|
3
-~ 150 |
N
I.I.E
-200 |
-250
-300 |

-350 . .
A5 125 4 075 -05-025 0 025 05 075 1 125 15

xR,
a
0
-25
50
. 75
y 100 )
w
125 | ]
—z =1.00mm
A —z =1.25mm
47 k ——z=1.50mm ]
) ———z =1.75mm
| | | ||=——z= 2.00mm |

200 A - .
15 125 1 -075 -05 025 0 025 05 075 1 125 1.5
x/R

b

m

Fig. 3 Magnetic force above a rare-earth magnet: (a) F,.,, (b) Fre

the field of an individual magnet decays relatively rapidly
with distance, one can study the field inside the well by
superimposing the field of the magnet beneath the well with
the fields of the nearest neighbor magnets. Thus, it suffices
to consider a sub-array of 9 magnets consisting of a central
magnet, which is beneath the well, and its nearest neighbors
as shown in Fig. 4. The field inside a well on the perimeter
of the array can be analyzed in a similar fashion, but it will have
contributions from fewer magnets. For the interior well analy-
sis, two different magnetization orientations are considered;

unidirectional magnetization (not shown) in which all the mag-
nets are magnetized upward, and alternating magnetization in
which neighboring magnets have antiparallel magnetization as
shown in Fig. 4. The field and force for these orientations is
computed at a distance z = 1 mm above the array, which is in
close proximity to the cells at the bottom of the well. Surface
plots of the components B, and F,,, are shown in Iigs. 5 and 6,
respectively, and corresponding contour plots of F,,. are shown
in Fig. 7. Note that these plots exhibit substantially axisymmet-
ric profiles as discussed above. A more direct comparison of the
field and force for the two orientations is shown in Fig. 8 where
corresponding variables are plotted together as a function of
normalized distance x/R,,, from the center of the magnet. This
analysis shows that the alternating magnetization configuration
as shown in Fig. 4 produces a stronger axial magnetic force
within the well. Thus, this configuration should produce more
rapid and efficient transfection as compared to the unidirec-
tional configuration. This is illustrated in greater detail in the
transport analysis below. An analysis was also performed to
study the effect of reducing the distance between neighboring
wells and magnets. The results showed that the wells could be
placed much closer together without compromising the mag-
netic force or transfection efficiency.

Particle Transport Analysis

The particle transport study begins with a 1D drift-diffusion
analysis of particle accumulation at the base of a well as a
function of the separation s between the base and the top of
the magnet: s = 0.5, 1.0, 1.5, 2.0, and 2.5 mm (Fig. 1b). Since
a magnet array with alternating magnetization produces a

z
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Fig. 4 Array of magnets with alternating magnetization.
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Fig. 5 Surface plots of B, at z=
| 'mm above an array of magnets:
(@) uniform upward
magnetization, (b) alternating
nearest neighbor magnetization.

stronger axial force, the 1D study is performed using the
field in the central well of that array. It is assumed that there
1s a uniform concentration (c, = 0.001) of colloidal Fe;Oy,
particles (R, = 100 nm) occupying a volume 6 mm high in
the well. Note that this implies that the particles occupy only
a fraction of the well, which has a height of 10.9 mm. The
rate of particle accumulation at the base of the well is shown
in Fig. 9. Note that for the nominal well-to-magnet separa-
tion, s = 1 mm, the majority (90%) of the total initial number
of particles have accumulated at the base of the well within
1,200 s (20 min). By comparison, the predicted diffusion-
limited accumulation during this time (not shown), which is

@ Springer
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obtained by solving the transport equation with the magnetic
force set to zero, is less than 1%. Thus, magnetic field-induced
particle accumulation can be orders of magnitude faster
than diffusion-limited accumulation, as has been observed
(33). Moreover, the accumulation rate can be increased by
decreasing the well-to-magnet spacing.

Next, the 2D drift-diffusion model is applied to predict
the distribution of accumulated particles at the base of a
well. The analysis is performed using the field distribution in
the center well of an alternating magnetization array
(Fig. 4). The radial distribution of the percentage of
accumulated particles per unit area (%/mm?) is shown
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Fig. 6 Surface plots of F, at z=
| 'mm above an array of magnets:
(@) uniform upward
magnetization, (b) alternating
nearest neighbor magnetization.

(fN)

F
mz

in Fig. 10a. This distribution is relatively constant up to
the mid radius of the chamber /R, = 0.5, but decreases
rapidly thereafter. This is due in part to the radial field-
directed focusing of the particles during transport as described
above. This analysis is important because it implies that more
efficient transfection should occur near the center of the well
where particle accumulation is greatest. Thus, standard multi-
well plates, where the well radius is comparable or greater than
the underlying magnet radius, are not optimal for magneto-
fection as the cells positioned towards the outer region of the
well will experience less efficient transfection. This 1s confirmed

by plotting the percent of total particle accumulation vs. radial

distance as shown in Fig. 10b. This plot indicates that a
majority of the particles accumulate near the center of the
well, i.e. away from its outer wall, which in this case is aligned
with the edge of the magnet. Thus, a higher transfection
efficiency can be achieved when the well has a smaller radius
than the magnet in which case all of the cells would then be
positioned within a region of relatively high particle accumu-
lation. This analysis demonstrates the key advantages of the 1D
and 2D transport models, notably, they provide physical in-
sight into the factors governing particle accumulation, and they
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Fig. 7 Contour plots of F, at z= 18

| mm above a magnet array: (a)

uniform upward magnetization,

(b) alternating nearest neighbor 12
magnetization.
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can be used to design and optimize novel magnetofection
systems prior to fabrication.

DISCUSSION

The modeling described above reveals many interesting
features of multiwell systems that impact magnetofection
performance. One such feature is that a stronger downward
directed (axial) magnetic force is obtained inside a well when
its neighboring magnets have an alternating magnetization
as shown in Fig. 4, as compared to unidirectional magneti-
zation. Another interesting feature is that the radial

@ Springer

component of the magnetic force focuses particles towards
the center of a well as shown in Fig. 3b. This is manifest in
the particle distribution at the base of a well, which clearly
shows higher accumulation near the center as shown in
Fig. 10a. Thus, it should be possible to achieve more
efficient transfection with smaller samples by using wells
with smaller radii than their corresponding magnets.
The transport analysis clearly shows that field-directed
particle accumulation can be orders of magnitude faster
than diffusion-limited accumulation, as observed in practice.
Furthermore, the rate of accumulation increases as the
magnet-to-chamber spacing decreases because the magnetic
force 1s stronger closer to the magnet. Thus, the transfection
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Fig. 8 Comparison of B, and F, for uniform and alternating magnetization
at z=1 mm above the central magnet: (a) B, and (b) F,.

rate and efficiency could be optimized by reducing this
spacing as well.

CONCLUSION

Models have been presented for analyzing magnetofection
in multiwell plate systems. These include 1D and 2D parti-
cle transport models and closed-form equations for predict-
ing the magnetic field and force. The transport models can
be used to study the spatio-temporal behavior of the particle
concentration within a well and to predict the distribution of
accumulated particles at the base of a well where the cells
are located and transfection takes place. The models have
been demonstrated via application to a conventional 96 well
plate magnetofection system. Together, these models enable a

fundamental understanding of particle transport and accumu-
lation in the magnetofection process. They are relatively easy
to implement and enable the design and optimization of novel
magnetofection systems.
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APPENDIX

In this section, closed-form formulas are presented for pre-
dicting the magnetic field and force in multiwell plate mag-
netofection systems. The field for these systems is produced
by an array of cylindrical rare-earth magnets positioned
beneath the multiwell plate as shown in Fig. la. The field
distribution above the magnet array can be obtained by
superimposing the fields of the constituent magnets and
the force is easily computed given the field. In the following,
both 1D (on axis) and 2D field and force solutions are given
for a single isolated magnet. The superposition of the 2D
field solutions for the array is briefly discussed.

Single Magnet Field Analysis

Two different field and force solutions are given for a single
magnet; simplified 1D (on axis) solutions, and more general
2D solutions. The 1D solutions are analytical and ideal for
estimating the magnitude and decay of the field and force
with distance, and for studying parametric dependencies.
The 2D solutions are in closed-form and are evaluated using
semi-numerical analysis.

The ID Field and Force

In the 1D analysis, all radial dependence is neglected, and
the magnetic field and force vectors are assumed to be
strictly in the z-direction, i.e. no radial components. This
approximation provides useful intuitive predictions when
the culture well is much smaller than the magnet i.e. when
the magnet diameter is much greater than the dimensions
(diameter and height) of the well. The 1D axial field solution
for a cylindrical rare-earth magnet that is magnetized to
saturation M, along its axis is given by (see p 129 in (34)),
M, 2Ly

Hz(z) =5 -

Z
2 | Vtn) R 2R (A1)

where z is the distance above the top of the magnet,
and L, and R, are the length and radius of the magnet,
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Fig. 9 Particle accumulation:% of particles accumulated at the base of a well chamber vs. time as a function of magnet-to-chamber spacing s.

respectively. In this approximation, the force on a particle
with a volume V), is

(z+ L) ((z+ L) + R2) + 2(2 + R)

M?R? (z+ Ly) n z

P& =TI (c+ L)+ R (2+R)

(2 +B) (e + 1) + B2

The 2D Field and Force

In the 2D analysis both the radial and axial force compo-
nents are computed,

Frrz(77 5) = FM)'(77 5) P+ sz(ﬁ 5) /2\7 (A?’)
where
Fmr’(77 'Z) = MO V}f(Hd)
OH,(r, OH,(r,
x [H,(r, 2) # + H.(r,2) %} )
(A4)
F;nz(ra 5) = Mo lef(H)
10 P . P
r e
(A5)
and
H, = ]‘[m(?‘, Z) r + Haz(7> Z) . (A6)

@ Springer

The field H, is needed to determine the force. To obtain
this, the magnet is modeled as equivalent current source as
described in section 3.3 of (34), additional useful models for
rare-ecarth magnet structures can be found in (35-38). A
cylindrical magnet with a uniform axial magnetization pro-
duces the same external field as that of a conventional
surface current that flows around the cylindical circumfer-
ence of the magnet. The field distribution due to the magnet
can be obtained via superposition, wherein the “equivalent”
surface current is discretized into a finite set of current loop
elements, and the total field is obtained by summing the
field contributions from the individual elements. The field
solution for a current loop is known (see p 263 in (39)). If the
magnet is magnetized to saturation A, and centered about
the z-axis with its top surface at z = 0, its field is given by

M ,
H,(r,z) = J 0,(r, 2,2) d2 (A7)
2r
=L,
M 0
Haz(’v 5) = 27; J Hz(77 Zs 5,) dz’7
=L,
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NE 10 and
E of
E{;-'- 8 d= Ry =1’ +68(22), flz2) = - 1 R
2 7 ((Rm+r) +8(2, %) )
g ¢ Y (R S RPN ELEs, CF
B s Low Transfection | (Ro+12+08(z2)7) 7 d ’
:E’ J Efficiency | R sy , ,
§ N . N——A— ad) = %ﬁ(z,z):(z—z). (A11)
3k J
z High Transfection Efficiency
o 2
E 1l The field components (A7) are computed using numeri-
2‘ cal integration. To evaluate the force, the gradient of the
S % 0.2 0.4 0.6 0.8 1 field needs to be determined. After considerable analysis
rch and simplification one obtains,
a
OH,(r, 2,7 1 z—z YA
100 (;'r’z'z) = ( e+ r)f2>H =2 )
90F
OR, Ok
c i X E(k) + = (RdE(k) — dE (k
5w Bl + 5 (R () mﬂ
© L
S 70 (A12)
E oo}
3
o 50
g 40t OH,(r,2,7) :fQ(Rm +1)? H n (z— z/)f
T 30} 0z z—7 r r
a
2 20 81?1 3/{
e X E(k) + == (RdE(k) — dK (k
| D)+ G (RaB(R) — )
0 1 ] i i (A13)
0 0.2 04 0.6 0.8 1
r/lR
c
b
Fig. 10 Distribution of particle accumulation at the base of a well: (@)% M fl( )H
particle accumulation per area (b) cumulative% particle accumulation. or <
7) Ok
+f {—5 Bl + 2 (ZdE (k) + dE (1)
where or or
. (A14)
2. 2) = C=VE D T (i - w00,
(A8)
and OH.( B
Z 1’, Z) Z !
/ / / 0 - _f2 (Z < )H7
IL.(r, 2,2) =/ (2,2)[Ki(2, ) E(K) + K (K)]. (A9) 2 :

In these expressions Alk) and E[(k) are the complete elliptic
integrals of the first and second kind, respectively (40),

E(k) = r 1 — k2sin%(¢) do
0

: 1
Kk =| —m——=1d
) J;\/l — k2sin%(¢) ¢

(A10)

93

#5280 + 5 Q) + (1)
<

(A15)

The magnetic force 1s computed by substituting (A7)—
(A15) into Egs. A4 and A5 and integrating over the length
of the magnet as in Eq. A7.
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Array of Magnets

The magnetic field and force due to an array of cylindrical
magnets can be obtained by superimposing the fields of the
constituent magnets. Let N be the total number of magnets
in the array, and let » = 0,1,2,3,4, ..., N-1 identify the
constituent magnets. Choose a reference frame in which
the central magnet, which is labeled n = 0, is located at the
origin in the x-y plane as shown in Fig. 3. The field compo-
nents of this magnet in cylindrical coordinates is given by
Eq. A7. These need to be carefully converted to Cartesian
coordinates to implement the superposition. The field solu-
tion for this magnet in Cartesian coordinates at an arbitrary
observation point (x,y,z) is denoted by,

H (x5, 2) Al
— g 2 (0) 5 (0) 5 ( )
— lax (xJ)? z)x+Ha_y (xJ)v Z)y_FI—Ia,z (X,)),,Z)Z

The n’th magnet in the array is centered at x = x, and
» = 9, in the x-y plane. The field components for this
magnet can be written in terms of the field of the 0’th
magnetic as follows:

H (x,9,2) = B (x — %, = 9, 2)
(A17)
(n=1,2,3,...,N)

The total field distribution of the array is obtained by
summing the field contributions from all the magnets,

N—=1

Hﬂ(xv.ya 5) = ZHEIZ)(’C — Xn,) _))mZ)
n=0

(A18)

Finally, the total magnetic force on a particle of volume
V), due the array of magnets is given by

Foo = 1 Vy/ (H,)(H, » V)H, (A19)

where H, is obtained using Eq. A18.
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